Abstract. The dynamics response and power flow propagation in the L-shaped beam with finite dimension were investigated. A L-shaped beam dynamic model was established on the basis of Timoshenko beam theory (TBT) and Euler-Bernoulli beam theory (EBT). The analytical solution was obtained and the beam flexural and longitudinal motion was described by using the traveling wave approach. The effects of shear distortion and rotary inertia on the total power flow and its components were examined. Results shown that the structure resonant frequencies are obviously affected by the shear distortion and rotary inertia, especially for the medium and high frequency ranges. The power flow amplitude is obviously increased on the premise of considering the longitudinal vibration. Consequently, the longitudinal vibration should be considered for the power flow and its components in the L-shaped beam.
Introduction
Finite L-shaped beams are usually encountered in engineering device and structure, such as the ship hull, aircraft fuselages and satellite structures. For example, the deployable truss structure and the camera support structure of satellites are a kind of girder structure which usually is modeled as a finite L-shaped beam. Vibration energy is introduced by external force excitation, such as the reaction flywheel in satellite and the engine rotor of ship, which can induce the whole structure vibration. However, the vibration energy propagating through the finite beam structures is mostly investigated by the Euler-Bernoulli beam theory (EBT) and the influence of longitudinal vibration is seldom discussed. Further, the shear distortion and rotary inertia are excluded in the EBT, which would result in misestimating the natural frequencies of L-shaped beam structure. Fortunately, the Timoshenko beam theory (TBT) is available to research the vibratory power flow propagation in the finite L-shaped beam.
Many research papers have been published about the vibration propagation and power flow of the beam and plate structures. Zhao et al. studied the disturbance propagation and active vibration control in complex space truss structures based on advanced Timoshenko theory using traveling wave approach. The numerical results indicate that dynamic responses are more accurate using the Timoshenko beam model, especially for the medium and high frequency ranges [1] . Mei studied the active control of coupled bending and axial vibrations in L-shaped and portal planar frame structures using traveling wave approach. Both Euler-Bernoulli and Timoshenko bending theory were used to modeling and controlling the flexural vibrations in planar frames. The numerical results shown that the rotary inertia and shear distortion should be taken into account for the higher frequencies, especially for transverse dimensions are not negligible with respect to the wavelength [2] . Lin presented the analytical solution for the vibration response of ribbed plate with all boundary clamped by using traveling wave method, and the ribbed plate experimental investigation provided verification results to the analytical solution [3] . Kang and Riedel presented the coupling effects of three elastic wave modes (flexural, tangential, and radial shear) on the dynamics of a planar curved beam. The contributions of the dynamic and high-order elastic coupling terms to the response of a thick curved beam are quite significant. Therefore, the coupling terms should not be neglected for an accurate analysis of a thick curved beam with a large curvature parameter [4] .
The disturbance propagation and active vibration control of a finite L-shaped beam was studied by using the traveling wave approach based on Euler-Bernoulli theory. The calculation results indicate that the dynamics responses calculated by traveling method are more precise than those by FEM model [5] . Mei studied the active control of bending vibrations in beams by using the hybrid approach based on the advanced Timoshenko theory. He found that the hybrid approach has better broadband active vibration control performance than that of modal or wave control alone [6] . Sniady studied the dynamical response of a finite Timoshenko beam excited by a constant velocity moving force with simply support boundary conditions [7] . Mei analyzed the in-plane vibration of H-and T-shaped planar frame structures by using the wave vibration approach based on Timoshenko beam theory. He found the effects of rotary inertia and shear distortion become important at higher frequencies and the types of external excitations not change the structure resonance frequencies [8] . Using a developed analytical method which included the rigid and nonrigid connectors of practical interest, Li et al. investigated the vibrations and power flow between two-coupled beams with elastically restrained boundary conditions. Results revealed that the current method has excellent agreement with the FEA solution and can extend to more complex structures or systems composed of beams [9] .
Audrain investigated the finite beam with piezoelectric patch control actuator and accelerometer probe error sensors for structural intensity. They found that the structure intensity control is more effective than the acceleration control, and the intensity control allows the error sensors to placed closer to the control source and the disturbance, while preserving a good control performance [10] . Kessissoglou presented the power flow propagation in the L-shaped plates and the effects of in-plane waves on the power flow are analyzed by the combination of the modal method and the traveling wave method. Numerical simulations show that the in-plane waves raise total power at the structural resonances and the effect increases as the frequency increases [11] . Carvalho and Zindeluk investigated the active control of waves in the Timoshenko beams using forces or moment pairs [12] . Patrice et al. analyzed the instantaneous structure intensity active control of a beam covered with piezoelectric patch (the control source) and piezoelectric strain sensors (PVDF) by using theoretical and experimental approaches. They found that this control approach can achieve a high attenuation for controlling the harmonic disturbance [13] .
In the present investigation, the dynamics response and power flow propagation of a finite L-shaped beam under a concentrate external force were studied by EBT and TBT. The traveling wave approach is utilized to calculate the dynamics response and power flow of the finite L-shaped beam. The power flow is presented in the spectrum form. The power flow results are calculated by the EBT and TBT for investigation the influence of shear distortion and rotary inertia. Moreover, the influence of the longitudinal vibration on the power flow and the components in high frequency range were studied too.
Flexural and longitudinal vibration of Timoshenko coupled beams
The geometric model of a finite L-shaped beam and the coordinate system are presented in Fig. 1 . The L-shaped beam is clamped at the boundary edges corresponding to = 0 and = . The junction corner of the two beams corresponding to = and = 0. The two beams have the same material, thickness and width for mathematical simplicity. The Euler-Bernoulli beam theory and Timoshenko beam theory are used to investigate the influence of beam shear distortion and rotary inertia on the power flow in the beam structure.
The EBT model considers the lateral inertia and elastic forces caused by transverse bending deflection, that is, the effects of rotary inertia and shear distortion are neglected. The difference between EBT and TBT is that the latter includes the effects of rotary inertia of mass and the shear distortion, which is important when the transverse dimensions are not negligible with respect to the wavelength. The governing equation of the bending and slop displacement of Timoshenko beam for the external forces can be expressed as follows [2, 6] :
where is the position along the beam axis, the time, the transverse displacement of the center line of the beam, the area moment of inertia of beam cross section, the beam cross-section area, the material density, the Young's modulus, = 2(1 + ) ⁄ the shear modulus, the Poission's ratio, the Timoshenko shear factor, the slope due to bending, and ( , ) the externally applied force. By employing the traveling wave approach, the transverse displacement and shear slope of the finite beam can be written as [6] :
where:
The unknown wave amplitude ( ) for = 1,…, 4 can be obtained with the given boundary conditions. For the finite rod longitudinal vibration, the quasi-longitudinal wave solution can be obtained by the travelling wave approach, which can be written as [5] :
where = √ ⁄ is the quasi-longitudinal wave number, and ( ) and ( ) the unknown wave displacement amplitudes, which can be determined by the boundary condition. The beam vibration information of the transverse and longitudinal disturbance is represented by Eqs. (3), (4) and (9) . Once these unknown wave displacement amplitudes are obtained, the beam dynamic response can be calculated. The dynamics response of beam structures can be calculated by combining the travelling approach and substructure approach. Therefore, the travelling approach and substructure approach are employed to calculate the dynamic response of the L-shaped beam.
The external force location can be treated as the continuous condition. The governing equations of the flexural and longitudinal displacement in beam 1 can be written as:
The governing equations of flexural and longitudinal displacement in beam 2 can be written as:
There sixteen unknown flexural, shear slope and longitudinal wave displacement amplitudes corresponding to ( ) for = 1,…, 12 and ( ) for = 1,…, 4. Sixteen equations could be developed from the boundary conditions at the clamped edges, continuity conditions at the external point force location and coupling conditions at the corner junction of the two beams of the L-shaped beam structure. The six boundary conditions at the clamped edges can be written as:
There are four continuity conditions at the external force location, the continuous equations at the beam 1 can be written as:
Finally, there are six continuity equations at the coupling junction of two beams corresponding to = and = 0. The coupling equations at the junction place of two beams can be written as:
where is the bending moment, is the longitudinal force, is the transverse shear force. The expression of , and can be written as [2, 5, 6 ]:
Using the sixteen developed equation, a matrix expression can be obtained as = , where is a 16×16 matrix.
and are the wave amplitude coefficients and force matrices, respectively, and are given by: 
Solutions to the unknown wave amplitude coefficients in Eqs. (16) to (17) can be solved by = .
Flexural vibration only of Timoshenko coupled beams
The power flow without considering the longitudinal vibration is calculated to investigate the influence of the longitudinal vibration. The longitudinal force and displacement have been taken into account at the coupling junction of the two beams, when equating the displacements and forces at the junction. The analysis has been reduced to consider only the flexural vibration in the beams, as described in Eqs. (10-13), (15) and (16). For the L-shaped beam without longitudinal vibration, there are only twelve unknown wave amplitude coefficients for = 1,…, 12. At the boundary edges, the boundary conditions have reduced to four, as described by Eqs. (18) and (20). The continuous conditions at the external point force location in beam 1 are unchanged. However, there are only four continuous coupling equations at the junction place of the two beams. The first and second equations are the continuity of moment and slope from beam 1 and beam 2, as described by Eq. (25). The last two equations are deduced by equating the displacements and forces at the corner junction. In this condition, the general expression for the longitudinal waves of the two beams can be written as:
where is the reflected longitudinal wave in beam 1 due to the flexural wave in beam 2, is the transmitted longitudinal wave in beam 2 due to the flexural wave in beam 1 impinging on the corner junction. The displacement and force can be simplified by using the Eqs. (24) and (26), and the simplified continuous coupling equations can be written as:
The twelve unknown wave amplitude coefficients can also be solved by using the similar matrix expression = . For this case, the matrix is a 12×12, and the wave amplitude coefficients and force matrices are given by:
= 0,0,0,0,0,0,0, , 0,0,0,0, .
Vibratory power flow in the finite L-shaped beam
The vibratory power flow transmission through beam cross section has three parts. The first one is the shear force power flow, the second one is the bending moment power flow and the last one is the longitudinal force power flow. The instantaneous power flow (time averaged vibration intensity) propagation through the cross section including the longitudinal vibration components can be written as:
The time averaged vibratory power flow can be expressed as:
When the beam longitudinal vibration is neglected in the analysis, the above vibratory power flow expression simply reduces to:
Numerical simulation and discussion
The L-shaped beam shown in Fig. 1 In order to confirm the wave method and the effect of element number of FEM (finite element method) modal, the dynamics response of beam 2 was calculated by MSC/NASTRAN and wave method. The beam 2 of L-shaped beam has been meshed with 40 elements and 160 elements in the FEM model. The spectrum curves are plotted in Fig. 2 . As shown in Fig. 2 , the results of FEM and travelling wave was found to have good internal consistency in the low frequency range. However, the difference between FEM and wave method arises as the excitation frequency increase, and the difference is clear when the frequency increased.
Besides, the FEM results are convergent to the wave method result when the element number of the FEM model increase. This is because of the uncertainty and the truncation error of the high-order modes in the FEM model. That is, the FEM is not as precise as the wave method for the media and higher frequency rang even though the FEM model employs more elements. The FEM is numerical method and the result is very sensitive to the element number, and the resonant frequencies are different with different element number even in the low frequency range.
Consequently, the structure must be meshed refinement in the high frequency range, which will result in excessive degrees of freedom and decrease the computational feasibility [11] . Differently, the travelling wave method is analytical solution and the results stability not changes as the frequency increase. Further, the wave method is suitable for calculating the whole frequency range response and there is no modal restriction. Therefore, the wave method is more suitable for the beam dynamics response analysis especially in the medium and high frequency range.
The transverse displacement response in the beam 1 of L-shaped beam was calculated by TBT and EBT and the response location at = 0.6 m, as presented in Fig. 4 . The flexural displacement of single beam at location = 0.6 m is shown in Fig. 4 . The boundary conditions and dimension of the single beam are the same as the beam 1 of the L-shaped beam in Fig. 3 . The displacement spectrum plots reveal that the results calculated by TBT and EBT are obvious different. The natural frequencies by TBT and EBT are coincidence with each other well in the lower frequency range. From the displacement spectrum curves plotted in Fig. 3 , the resonant peak number is obviously more different between TBT and EBT than that shown in Fig. 4 . The reason is that the L-shaped beam structure includes the coupled beam 2, which will increase the structure natural frequencies number and enlarge the effect of shear distortion and rotary inertia. Therefore, the coupled effect of the beams in the L-shaped beam should be taken into account in the study of the dynamic response of each beam.
The power flow results in beam 1 calculated by TBT and EBT with different height are plotted in Figs. 5 to 7 (the response location at = 0.9 m). From the results presented in Fig. 5 , we can see that the spectrum curve of power flow calculated by TBT is consistent with that by EBT from the initial frequency range. However, the natural frequencies by TBT and EBT become different as the excitation frequency increase and the difference becomes more obvious in the medium and higher frequency range. As shown in Fig. 6 , the difference of power flow by TBT and EBT are smaller and the resonant peak numbers are much denser than those in Fig. 5 . The power flow spectrum results in Fig. 7 reveal that the natural frequencies by TBT and EBT are closer in the medium and higher frequency rang as the beam height decrease, and the resonant peaks are much denser compare to Figs. 5 and 6. This is because the beam cross section height is smaller than those in Figs. 5 and 6. The power flow results indicate that the shear distortion and rotary inertia will introduce obvious influence on the natural frequencies of L-shaped beam especially in the medium and higher frequency rang. The influence of shear distortion and rotary inertia will become more obvious as the beam cross section height increasing. 
= 0.9 m). The power flow spectrum curves shown in Figs. 8-10 give out that the transverse force power flow, moment power flow and the longitudinal force power flow are also obviously affected by the shear distortion and rotary inertia, and the influence law is the same as that depicted in Fig. 5 . The results in Figs. 8-10 indicate that the shear distortion and rotary inertia will introduce obvious influence on the power flow components for the medium and higher frequency range, and the higher the frequency is the more obvious the influence is. beam and the longitudinal wave can transform into flexural wave as it travels through the corner junction. In high frequency range, the phenomenon becomes more obviously for the approximative wave length of longitudinal and flexural wave.
It can be seen form Fig. 12 that the vibratory power flow curves are uniform regardless of the longitudinal vibration include or not. This is due to the flexural and longitudinal vibrations are independent with each other in the single beam. Therefore, the coupling and transformation between flexural and longitudinal vibration only appear in the beam connection point. The results indicate that the beam longitudinal vibration should be taken into account when calculating the beam connection structure vibratory power flow for obtaining more accurate analytical results. The influence of longitudinal vibration can be neglected on the condition there is no connection point in the beam structure. vibration on the total power flow at the other resonant frequencies can be neglected. The main body of the total power flow is the bending vibration component. Figs. 15 and 16 presented the comparison results of transverse force and moment power flow when the longitudinal vibration is included or not. The spectrum curves give out that not only the resonant peak amplitude of total power flow obviously increased, but also the transverse force and moment components on the condition the longitudinal vibration is included. This is due to the longitudinal mode offers an addition path for the flexural vibration energy, and the flexural and longitudinal vibration transform into each other when transmission through the beam corner junction.
Experiment arrangement and results discussion
For verifying the dynamic responses and power flow calculated by TBT are more accurate than those by EBT, the cantilever beam vibration experiment is designed for measuring the acceleration response and comparing the testing results with those obtained by TBT and EBT. The experiment rig used in this paper investigation is shown in Fig. 17 =0.105 m and = 0.315 m. The acceleration spectrum plots in Figs. 18 and 19 reveals that a good agreement has been found between the theory and measured results in the initial testing frequency range. However, the difference has been observed as the frequency increasing. The discrepancy between measured and TBT results is mainly due to the material property of the cantilever beam and the precision accuracy of testing environment in the experiment. The dynamics response also shown that the difference between measured and EBT results become more obvious than that between experiment and TBT as the frequency increasing. For the influence of shear distortion and rotary inertia is obviously increased as the frequency increasing. The comparison results between experiment and theory indicate that the TBT calculation results can properly estimate the beam structure dynamics response. The shear distortion and rotary inertia should be taken into account for accurately calculating the structure vibration energy propagation, especially for the medium and high frequency ranges. Therefore, the TBT should be used when analyzing the power propagation through the beam structures.
Conclusions
The finite L-shaped beam structure dynamics model is established on the basis of Timoshenko beam theory (TBT). The traveling wave approach is used to calculate the dynamic responses and vibratory power flow propagation of the finite L-shaped beam. The influence of beam shear distortion and rotary inertia on vibratory power flow is investigated by using TBT and EBT. The contributions of longitudinal vibration to the total power flow and the components are also investigated. Some conclusions inferred from the results of numerical simulation:
1) The L-shaped beam flexural displacement response and power flow calculated by TBT are more accurate than the results by EBT. This is because the influence of the shear distortion and rotary inertia is taken into account in TBT. The natural frequencies calculated by TBT are lower than that by EBT, and the difference of natural frequencies becomes larger as the frequency increase.
2) The vibratory power flow amplitude with longitudinal vibration higher than that without longitudinal vibration around the resonant frequencies. Note that the bending vibration dominates the vibratory power flow component. And the longitudinal vibration not only affects the total power flow but also affect the components of power flow.
